Algebra Py

Multiplying and Dividing Rational Expressions
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Review

Remember that a rational number can always be written as a fraction with integers as the
numerator and denominator. In this book we will study algebraic expressions that can
stand for rational numbers. You will have to use what you know about polynomials as well
as what you know about rational numbers.

Wirite each rational number as a fraction. Then graph it on the number line.

B T 2 A et -2
<« Lp— — | A— |
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Factor 36 five different ways. |
36 36 36 36 : ;b\
Z \& 312 6 o L+ 4 2, |
Write an equivalent expression using exponents.
5-xxx% = Ox’ 3n-5n= \Sn*
T Tus 7303 > 3 - 3
Ty-Ty-Ty=7"47°" (735 ch'-{jj p-Hp- 2p= %P
Crr-2t-2¢-2¢ {1{55r-1br23{.3r1 (xx)yyy) = ){7-55
Multiply. ee G132
cb c= Cc' x(x+'—l)=><"+4><
aras= O Bh(h+3) = Shz +15h
2y4-6y*= 12y’ (x+2)(x+6) = X7+ 8x+ (2
6(p-5)=bp-30 (2% +3)(3x-1) = zx 3
Factor. x4+ Tx -3 };‘\éx‘ Ax
-1z = 3600 b = G o3y 22
8)"|2=L"(23—3> f¢‘||t+\o=(£_[«o>c_é,;_|>
a*- 81 = (a4at>(a,—°(> ME =
Solve each equation.
g,_’s‘_=30o’5‘ )z.%=|5.;z 3,458 1103
)(:\f—.:@ FS_L(’—‘-I@O % -4 = 36
e = +4 Y
15ty Key G e X =36 X =Ho ' 1




Rati i
hationg] Expressions

Remember that a term is a
only operation. A
Subtracting terms.

n algebraic expression in which multiplication is the
polynomial can be a single term or can be made by adding and

Polynomials: x* + | 19 | a*-La +5 3x? Sx+ Zy

A rational numberis a fraction w

ith integers for the numerator and denominator.
A rational expression is a fract

ion with polynomials for the numerator and denominator.

. . Integer . . Polynomial
Rational Number: W Rational Expression: Polynomial

Of course, the integer or polynomial on the bottom cannot be 0 (since we cannot divide by
0). Here are some examples of rational expressions:

7 %= 5 y+3 0 x*-Ux +4
X x+5 y*-9 n+8 X+ 6

Make as many rational expressions as you can by using one of these polynomials for the
numerator and one for the denominator.

X2 1O x -5 X'+ 3x + 2
LX-:‘E ;t_‘.?g KBt NI
RS
X 43 +2 e lo
= |
X% A K233y 12
2 > =
xX-5 lo KETZnEZ
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Find the value of each rational expression whe

it as a fraction.

n x =3. |f the answer is not an integer, leave

e 3o 1 |2 3.3 |£-=:p
x+71 3+7 ~ 10 x+2 3+z 5 i

x-5 _32.7% _- x=1_3~_=2 _ | xE * | _31*’_.:2\:):/
~+3 3+3 b 3 | x*] é‘;’)‘q‘*i +1 24 4+ 71
2x -6 2DE_2-p x=-4_3ﬁ:§:\ o+x _'©3_13
6 B 2 otz St 5 0-% (03 7
_x-8 _ B .5 A-5x+0_ 3750 _ Tt o
xr+2%x+] 232 o %=~0 i) -2
el 3D 25 e 2(BF _-2(>_ -8
o-bx+t 2> _H()4y | =25 Ux-t  4)- izt

Find the value of each rational expression when x =2 and y=5.
S 3x 3D e 2|y 2

y 2 3y 3(5) 15 5| % (D

x+2 E_ o x~2 22 4 x+5 —2+t5 _ 3
y+2 5%z —7'"0 y -~ 5-2 3 y+5—g*_5 [
vy _7_(1_,___@2::,\0 ﬂJ—D%eY;—\-szm
xy (95 -© ‘ / Xy () - -

o)
X o Le 2rE. \ (_1_)--(75
—_ + = LIRC AT __9_49_ X = - =3 2N
2 5 ; 5 B \D 0 o —5‘ Y"7 ‘6.-;7 Z(?Zi - g
KE+ 2Ry FYE (=2 +Z(~25(S)-»(53 -20425 _-let2s G
x+Y 7 re 3 > 35

TSE’;-?S’&‘;:.E;:‘:‘JS."S;?!Z? 3
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You might have noticed that eve
Once in a while we do notget a
variables with numbers in a rati

ry answer on page 3 was a rational number.
rational number for an answer when we replace
onal expression. Look at the substitution table below.

[
a+h

a
6
L+' -5 =

N

b

9
l |f5=%='
O of5=%
5| 5% - X%

Do you see what happened when a = “5? When a = B, ﬁ- has no value because it
equals 6 +0, which has no answer. We say that —— is undefined when q = 5.

You finish these substitution tables. Be on the lookout for substitutions which give no
answer. Write “undefined” whenever you find one.

x+3 nt+l

X 2 n n+4
3|%5*-2-3 4 | T F
eSS 2 (3531

32 -0 T

6 [ B2 ] B2 LAl

~

T
b
'
N~
.
|
%
OIN|O |-
N O
IN[NIef o | vy
1
%ﬁ
A
5.
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To be sure that a rational expression always stands for a number, we have to set the
condition that the denominator cannot equal zero.

You write the condition for each fraction.

T _b#O 71 _HFS
B xuFo 22 _3x5#0

From now on we shall assume that the denominator of each fraction is not zero.
That's so we won't have to write down the condition each time.

You already know that every integer can be written as a fraction with a denominator of 1.
Every polynomial can also be written as a fraction with a denominator of 1. This means that
every polynomial is @ rational expression.

x+3= 532 @t -6 = 2 yi+3y-5 = L2

Write each polynomial as a fraction.

2 Jq,%x
H-x% = } 133 _yz ” )
p e - A
N ¥ Sl Bat=
or-2 X5+XL
az = 2 = ’ x5 e 7‘1‘. = ,
NE+ N2 S
n7-+7n+\2= l Sq(y= '5
S oF KT+ +IO
507'+lo= _—L—TE -;(1-0-7',(-1.‘0: )
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Multiplying Fractions

Multiplying fractions is easy, whether they are numbers or expressions. You just multiply
the numerators and multiply the denominators.

Multiply.

5.7_33 = 58 = 6.1l e a.3._zZ
32 b I 3 "33 7 8 5g¢ 0 2~ zo
8,2 ® B3.3.19 242 _ b |71 33 -9
6 7 4z 5§ B a5 33 5 4s 5 2 4 O
x. 4 _4x |a a_ a 3.x . 3x 4 b _Hb

3y 3y 9y* | b b b 7Y 7 a 9 Ga
10x 21<=ZO><2 Sax 2P =?>7<S 53 Tx2 3’575 2R 2R 2% Fx?
7 3 2 Sy 2y: \033 3y* 8)' 2%5 3y 3y 3y ’27“8

Multiplying a fraction by an integer or a polynomial is easy, too. Write the integer or the
polynomial as a fraction by putting a 1 on the bottom. Then go ahead and multiply

numerators and denominators.

- 7 &
3-2_6 58 75 G L.k [ lag _=
T 575 TH 4 TS5 5 )
x % . X | 5.x_ 5x R I ) 3.x 3
7YY T2 X T 4 °> T 5
3X1'£= 3 Sa , 558 = e X’_‘ﬁ: _2_(—5.. 2a « Je = bac
Ty )% T 3y | Ty 9 [T T
Some multiplication problems look hard but are easy if you change each number to a
fraction.
7 2
2 .55 =2 16 14 4,1 & 8- U
28 53 ?\’ ?\ ] "’Ll' 35 2‘1’ 5 4 20
CAR TR R " SR RN | S
510555 T30 |- - ;/ :
2)y - Zo Zb 2 _ g™
(35(1)( b) _ﬂ -—_;-7’ - qlg (23)(Oq7() - = e
c( ©1990 by Key Curnicuium Py !
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Multiply.
3 x-2 _ 3(x-2) _ 3x-b x x5 _ Xbor) | XTHEX
x+5 % x(x+5) x++5% x-8 6 ol  x-4%
7 x-u 00 7x-2% 3 gx+5 _ OXFIS
. = - ey —_ = ——
0 TR Zqped Zxiagx | F *TT L Hwr2B
+ Xz—\-x + L&a‘.'}r‘&
x,oxby . ATXY 20+3 Z. ——
B | Sep - 3a+4 3 Qa2
373
Sx-20 : Pl
D (x-4) = (a+5) . 2= = a 2=
%x+3 -—T—" X+5 ) ol a -2
R =8 nel (x-3)x%=-6) _ x2 =9% + 18
2% 3% Z% 3% ex*
><7-.\.7x+|7_

'%"3 . ~x+4 _
~ %\ﬂ =

X*’gj@*gj \
%(y@)

Pv \Mﬂ—gw ‘Dcr\%wv\gw

S r
) E‘&El e

2 e xzf"q'X’”-—
+6)-X"’ = 2\6 =
A= -,@ %-3

" .
BN T ooyt
! / -5 =5 U +5
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5/ 5 5 T35 4/ " (‘6") YA
2 2
1)z= ‘2(—_ -Z-?_()z-: LB(L 3;‘_)2—- c(q
Y = q Z) 10 (0O
2 2y le
(3) ) (‘3‘) Y
(2)' X S 277
(x-S = X=5 x-5_ x*-10x+25
xX+6 X+6 x+6 X2+ 2x +3¢
(z:2y l ) {,é X Uy 44
x4 q* Bl XX HG
B e - e
ER Rl L Y=Yy +U4S
5 \2 2.5 -y
= .’5
(=) e >< >
(x* _ l foz L{XH'LB(-\-L
-‘Tx X = 1 x+¢)
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Equivalent Fractions

Every fraction that has the same numerator and denominator (except %) is equal to 1.
That's because the denominator goes into the numerator one time. Each fraction below

is equalto 1.
2 3 4 8 w0 2 2 3 20
2 3 L 8 100 " ~2 g ==

When we multiply @ number by 1, we always end up with a number equal to the number we

started with. For example:

D -ﬂ; o) o 'iL= o 342 ﬂ]: 342

The same thing happens when we multiply a fraction by another fraction that's equal to 1.

We end up with a fraction that's equivalent to the fraction we started with.
Here are some examples:

o .t_ . - §- _‘_ . -':‘
7 2 6 2

’\ squivalent / \ equivalenl] \ equivalant]

fractions {ractions fractions

ool &

£lro

%, % and % are all equivalent to %— Find some more fractions equivalent to 15
1.5_.°3 1. 6_6& .17 1. 8_%
2 5 2 6 1= 27 1% 2 A
1.a.a LA AL 20 Lot X
2 9 1% 7 9 Zl& 82 50 ! T
(You pick the number.)
Find some fractions equivalent to 2.
3. 2.6 3.3 %1 34z 379 708
4 2 % o '3 12 44 le 05 7o
3. . 3.1.2 3-8 -2y w3 1.2/
0 29 4 7 a3 H-F 32 4 4 36

(You pick numbers for these.)

©1990 by Key Curnculurm Prowct, Inc.
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Label the points shown on each number line below.
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I
|
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o Iz 3 S &
Fe- lz. {2 ¢t2 2 1. 12 72 72 72 77

List all the fractions whose graphs are directly below the graph of %;

What is true about all of these fractions?
= 3 4 5 = 1 )
q ) 7 /-%,)/——) =3 \bcd\QCL\ e?/(,LCL\ 2

List all the fractions shown above that are equivalent to each fraction below.

9 g

2
= Y (>

I

} 2

|

3,
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SIN ®(e
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o
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Rewriting Fractions in Higher Terms

As you can see, there is an easy way to rewrite a fraction in higher terms. We just pick a
number or expression which is not 0 and multiply the numerator and denominator of the
fraction by the number or expression we picked. That amounts to multiplying the fraction
by 1, so the answer comes out equivalent to the fraction we started with.

Pick 3: ‘8'=—-:-—=—

We ended up with 2}, which is equivalent to § and is in higher terms.

For each fraction, find an equivalent fraction in higher terms.

Multiply
numerator
and
denominator -
s 9525 25_-lo x5 =X
y S 65 30 75 25 35 5
9-:_ \¥ =7, =g 4.2 B
by 2: = = 3 P il o
102 205 z G Y-z 23
T A e~ P R x=l2 Bxezn X3
ye 2.-2 -b G 5Fy =\§ b--32 -\ |%
. 3r_ 3x e, X 2xx 2
9o  Ya |a_ -4 ate &
by a: 54 5o aa & Ca*'—l'):k' atrYe
oo AT0 2n Brtzn G0 (neb Znt42n
y <. 8zn {on mn 2w n* 2n 2 3
APTR Co Jn LS L -208 _20u(1 =B ~Ho bt 4y -y
y4bi 34 -2y JzZobeds MR g bedb gy o
o
To rewrite a fraction in higher terms, multiply the numerator L\b s 1
and denominator by the same number or polynomial. — 2
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X 5

X\ x| %
Y Yullz
-2

Pt

Find five frac’iions

equivalent to %
22 _ 4
S2 710
23 _ b
9.3 1§
25 _ \D
55 235
296 20
S0 5pH

Find five fractions

1

equivalentto 7.
L2 2
-2 e
17 - 3
4.3 12
It o
Yo l&
fe 2
5 20

Find five fractions
equivalentto 3.

3z _ &
8z T
3% _ 4
83 24
3¢ _ e
8-y 32
35 _ &
8.5 "o

Find five fractions
. 2x
equivalentto 5.

equivalentto -

Find five fractions

5

—

Find five fractions
equivalentto >.

2xr _ 4« B _ —lo g= | A2

3 2 6 % -2 2% y -z 2y

2% 'S = lo¥ 5 = =T x e _ —bx _ bx

3 5 15 %X 10 (OR Yy e —63 &

Zx* :

. S5 - g TR A

2R - I % X 2 yox - Xy

2% 8x _ bx? “h e A5 el X (xs1) XZAdx

3 -3x - qX X (x*q) B >‘1—+¥% y (X +1) )LS't'H

2%y ZXZS B -5k i+S XD w249

3.y - 2 X - (%=1 2 x y «xe2) " 7

: Y L IEER
x+3 -5

Find 5 fractions equivalent to

x-2"

Find 5 fractions equivalent to = .

L:‘12

(x+3)7  _ 2x+6 (h=p)a | De-12 < Tex
(x-2)- 2%~ (x+4)-2 - ¥ -
x - %x-4 x 2x + % et
(x43)F  _ Sx+lS (x=6)'% _ X2-Lx x4
(x-2)s o (% +4).x RaB 1 Es ¥ &*
Ox ~! X2 4y “‘sl
(x+3)* _ XxZ43x (x=6) (%=1 LI+l A/ —E,
= -_‘__-______._.———‘
(x=2)-x T2 (x+4) (x-1) X424 )‘%
(x+3) 3 Zy2 .9y (x=6) o0 a3, g 432
(x~-2)-3x Zx 2 —Cx (x+4¥) (x+) = -x;_w
XFe I+ Wy [x2)4x
(x+3) txst) (2 P12 (% =b) (x+6) X~ 3¢ 3 !
(X=2) (x+w) 2 — 5 (X*+4) (xs0) © 2
X Lt XE 4 (oX + 24
Y = & 7‘ x ‘?" ?‘&:N :y:;y Curnculum Projeat. Inc.
nol dy A8 wilhoul parmussan.
* | X2 ¥ | el
Ao 6!67(1@




If we w'ant an equivalent fraction with a certain denominator, we must figure out what
to multiply the top and bottom by to get that denominator Here are two examples:

3x? is x-3%,

24 is 3 times 8B,
Z _ __ Sf>lIt sho;‘: n\Bso b _ so T should alse
multi ! - = 25 ltiply & by 3%.
3 24 o TutiRY 2P " 3, bty © by
28_le 63 18%
38 2 ®3x 3%

You try thgse. First figure out what the denominator has been multiplied by.
Then multiply the numerator by the same number or expression.

gete 30 37 -2 725 _ \75
5.0 50 5.7 35 225 50
R ] 54 _ 20 w2l ¥
9.3 2 84 32 3.2 63
26 X 2t4_ %t ns_ 9n
y-e by 3.4 12 Zm-s  10m
20%0_ 2ekb Sprt. 52 e =4,
b-b b et Hpt “2r--4r Br?
(x+5) 7 _ Mx*35 3 5_ g 15| (xxbre_ b (x+D)_ byt
g .7 28 - s~ BN S5 | (x*2)6  6(x+2) Lx+iz
In these problems you will have to factor the new denominator to find out what to
multiply by. 3x-6 equals 3(x-2), s0 L should
multiply the fop and bottom by 3.
7 -3 g 1 ; L sl o
(x-2)3 356 (%-9-2- T 2x-18
3(%x-2)

5 - _ 5D LA
(.‘-pl.{).[o |O1""l+0 (3%"'5)"‘( - IZX"‘ZO
T I Sl 2n N _ 2Ant
(x-3)% > = DK TEIERA T n*tn
2 lad_ Ay 3 - (yn) _ 3y+2
(% +5) (x2) x2 +7x + |0 (y'q‘)‘(.y*'“‘) y:-16

13
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Simplitying Fractions

We know how to rewrite a fraction in higher terms. We just multiply the numerator and
denominator by the same number.

47 _ 20
5 35

rewrittan in higher terms

To simplify a fraction, or rewrite it in lower terms, we do the opposite. We factor the

numerator and denominator of the fraction so that one of the factors on top is the same as
one of the factors on the bottom. Then we cancel the same factor from the top and bottom.
What is left is our simplified fraction, which will be equivalent to the fraction we started with.

Here is an example:
5 goes into both 20 and 35.

20 _ 5.4 _48l-4 _ 4
35 57 . ) 7

K rewritten in lower terms

Simplify each fraction. Do each problem in two steps.

Y goes into 8 and 12. 3is a factor of -3 and 12.
o 5

8°°. H-2 _ 2 3 _Zol
12 H-3 3 12 b O
9+3 3 15 25 -3
12-72 _Dr_ 25 =5 &
6t | e -
18 1, 2 Bz =5
23 -4 572 5
21+5 7 b= 5
202 Ip 8+ 3

22 22 245§
R B0 %
lo 4y L‘f 30 ¢, 3

1 4 . ©1990 by Koyc\nnwlummopa. inc.
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Simplify each rational expression by factoring the top and bottom and canceling the

common factors.

factor

2 isthe only
left on the top. On

Te keep track of the
factors that are left,

the bottem T have 3, T circled them.
yend y. 3eyy 3y o°o ooo
oy . _2Byyy . 2 | 02y QFx@®Ryy 2%
T TE Yy By | B @FXQYY Y
20xy _ B-4%y Yy 1Za* _ Zrbq-ci-af_, ba
5x* 4 .x X 0o 4544

1555 _ 33 obkwo0x 9xt _ 3 BwAa - 3

25x*  &.5%% bx* 2-3 %A 2

3ar _ 244 _ 2 ESE ix _ X
[ P B ~ Ty

a C“Lé‘ ‘)(Y J B

Oar _ Ifedt - = | 30b 53*535 -5

JOa TH‘L Y ob  araR T ar

155 _ 5«37&7(»« B 1553 x*y: _ 9

13x* \B k. 13 Xty z > =

axty | Txx 4><"' xty | ey o xZ
|OY" (o ')(Y“ Yy \33
3xtyt 20ty - 2kny o ZX
21xy 7 30xy* /0'57\3]5 EN
272y _ 34§ Axx __}f__ ~60a2b* _ |ght-Fagby —Bab
36 xy3 Ty ‘\%3\5% - r.f 40 ab 1 =5

15
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The more factoring and canceling you can do in your head, the less you will have to write
out each time you simplify a fraction.

5 goes into 10 and 35.
5inte 10is 2 ond
Sinte 3515 7.

The % on the bottom cancels

The y* on top cancels
two of the y's on the
bottem. Se y is left

one of the x's on the top.
So %3 is left on the top.

o

°°° 2 "°°.o e o0 © o on the bottom.
Ty 2%
3B x 7
S

Here are some more fractions for you to simplify. Try to do the canceling without writing out
all the factors.

3

oy’ :-333 2 20~y -'.—:x 1y |2 a4 %:2“ oo
Ty*232 3y 5x* 45w % 0a*iz.3 >
5% 5 2,7 | “9x¢3¢ o | 3atzet 3
257{1 “aRr =] b‘xl'."’b'xz —f a® <oz a’

x? "L_?_: X q,xz! '5; AxF ﬂ ‘2‘3 X»s

37(2!2 ?*5 Xy ZO'xlx""_’_f”H 2% 277(3)(%:%«5 Rop ™
Zlxy <%y 7 30xytieny By | 3bxy iy  Hy?

279(3!’@‘333 B ~60arb* %2 —34,| [Qa T a
36 x*y3+933 4 HOab 520 20 | Y40azp. H

eb”z | e L B = AE
adbiab & 3x223x2 | XY X2y

Did you get the last three problems? If you're not sure, look at the next page.
16 '
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Sometimes you can cancel out all the factors on the TOP ...

°°o ab isreally lab.
1

w1 a b LI
k6 a? a* a_ 5x S
3x . L XY . 2%
7% E x‘y’- XLS \O'X‘y 55

Sometimes you can cancel out all the factors on the BOTTOM.. ..

=_.2‘_=53 xF. 5 5db _ 5,
) 2 Z % _ 3xEY* _
é)i J A 2 & 33

And sometimes you can cancel out all the factors on the TOP AND BOTTOM . ...

—9-(—;¥ =-|-=| g" = -—3—75 = (
,X’,Y | a -3%

|

a‘b‘ — l L“"Xz =l \29(! _ \
a* b* L x? \ny

©1290 by Key Cuincutum Project. Inc.
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SimR“’Y these rational expressions. Each one is already factored for you.
You just have to cancel and write the answer.

sz_ _ 3‘7(2 . x2 Zaz _ Z.az _ B
O0x+15  B(2x+3) 2x+3 | 2a+10 Z(a+5) a5

Hx+ 12 _ g(x+3) N3 bx* +9x  _ 3X(2x+3) 2u32
(2x-y)

87(-1_})( Z)(—_tj 3XY‘|2X" B’K/(Y"q'ﬁ) —.-9—‘\‘)(
x+ 3% _ x(x+3] X x+h (x4t
5x+15  5(x+8] < 2%x+8  2(3+T) .
3x-12 =3(x7‘4'5= 3 Ky +2y _y(x+2) oy
x-Ux  x(£:4) X x+4  Tgx2) T

You will have to factor the polynomials in each rational expression below.
Then cancel factors and write your answer. Show each step.

By ¥ e % | xme  M(xwy _ 1
y+6  Bl(y+2)  u+2 Zx*-12x 2%k &) Rx
xi+2x k(A7) X Zx-8 _ 2(x=4) _ 2
5x+10  5(x<z) = 5 3x-12 3(%¢) ~ 3
x*+9x _ X(ew8y X 0% _ Sf2.x _ 2x
6x+30 (xS ~ © 5x+40  S(x+%) ~ X+%
x? = Ix =X(><‘ﬁ_>_ _ X -1 x*+Hx X (%t X
x*+ Xy /X[x+5)— X+y Hx +16 () i

18 | ety

—



When we are simplifying rational expressions, we can only cancel an expression that is a
factor of both the top and bottom. An expressnon is a factor of the top if it i multiplied by all
the rest of the top. It is a factor of the bottom if it is multiplied by all the rest of the bottom,
Here is how Sandy and Terry did the last problem on page 18.

Sandy
wrlbx  x(aHT % C/
Oy+lb  Hlx+d] H

Right! Sandy remembered {0 factor first.
x + 4 is a factor of both top and bottom.

Terry

e 2 X

Hxt 16 lo

Wrong! 4z is not a factor of either the top
or the bottom.

Simplify each fraction. Remember to factor before you cancel.

Bde

a:.+ 30- _ G-(CL%S 30.2 ) _ 3&
3a+q  BAYD 5 7a+5ab A(2456)  2x5Sb
3x+ Oy _ 3x55% x2+ry _Axw) . A+l
6x +10y 255 '5: 9x Gk g
Lh(+8 L!(X’r?,) +2 2x +4 } \
Gu+12 Alxx3) 7«@ 2%+ 4
3a 3 1| zar+2ab ZledD a-\—b
6az + %a /342&+3> 2043 | Hab  Z-24AD
x2 + 3% _,M - 7(_(_'5 72x% +bx 2§(X+%> X +3
x 7 2x=+Bx RE(xED) K+Y
- Gl ok X(X+\> —‘ X.\_, 3xr + 9x 37%()(}5 3
wrx XGAD T X 2430 (DD

e
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Simpnfy each rational expression. Some are already factored for you.

x1-2%-8 _ LxH(x+2) x+2

: |

x+3 e

K+x-20 (x+5)4] x+5| xi+5x16 LA xr2)  Kos
x:-6x+8 2T -4) -y x-S x5 .
2% ~x -6 Qx+3)(%x~2) ~ 2442 x2+x=30 (x+6)(x=5) K+
xK+10x+25 (x$BJ(x+5) w5 | 421-3x-10 (x=BHx+2)
= = s = +
x*-25  (¢#8)x-5) x5 x=5 %<5 e
X1 +6x+8 _ (X)) x4y | xreTx ]2 . (BAN0<43)
xelx+l - %) T Xy X+t CxT X3
xeol16 _ (XJbe-d) _ x-y -9 _ (x=3)Nx43) _ iz
+8xvlo (XHU)x+q) ~ %t | x-3 7 T -3 -
2013x+ 42 (x410656€) wuq | a2 -l4x+u0 oD~ >y
xt+ 2% =244 COHD Tkt | K -6x-HO  G<lo)ers> ~ Aeq
x*-lb =(’<j‘{y7<-4) _ X~Y 9(1-1-{-7(——60 =( (o) (><+ _
x+x+28 DD DS x*-Hx-60 (Eo%%ﬁ —’
4x2-25 (x2S zpes|  Bxsl _ B
2% =3%-5 (2uB)/xtD ¥Xai| 3xi-lGx-F ExDx-D T x5
2.
20 —I AX =5 2 ..&_:_?-_ ©1990 by Key Curriculum Project, Inc.
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Simplify each fraction.

36,0

_a*+2a aler?) _ a 3x-3  _ R

ot +3a+2 " {a+ZVa+]) o+l xeZx-3 O3 T oxi3z
x2=lx-1Z2 _ (AT 1) %) %2+ 5% *(x+8) _

x2-12% S x| meBxels (e T ><+5

2x3 - [Hx 2x(></ﬂ 2%

5a2+ |0a

_Sa(azrz) 5a

ozl D X3 | w-Ta-B i &1
(x+2) (xr2W(x+2) _ x*2 (x+6) _ (X¥CRvEY | X3e
2t (xr2i(%-2)  x-2 .36 (AREN(<-GY  KXoe

(x-5)*

) (-5 x5 | PR23%20

12430 (wS)h-6)  xb|  (2x*

4x-o

2(zx-%)

%a (Q/B

302 -|2a

(2%-3)* (Zx—%m 2x- a

(a-4)* (a'@(«“’b -a—"f

To completely simplif

y each fraction below you have to factor more than once.

302+15a _ 3x(a+5) _ 3(o+3) _ 3
3 -25a #(a2-25) (a+51(a-5) a-5
Ua-12 M(a 2 2(a:¥) 2

2a*-18 z(az D oY e D av3

2%t -2% _%(x ) ;,—-4/ o
2x3+b%* -8 Z,x’(><“~+3>< DT Gelxrdy T Xy
03 -3x2 —10% _ (% 3x—15) | (X=90042) | X2
Txi-35%  TR(x-5) T (5D 7

©1990 by Key Cutniculum Project, Inc.
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Dividing Polynomials

Dividing one polynomial by another can often be done by rewriting the problem as a
rational expression and then simplifying it. Here are some examples:

Divide. :

|
2 29y o 2x3+10X _ 2x(x+5) _
(Zx2+10x) + 2x = = x+5

|
Sa*-10e 5/<(C~ -2) _

(562 - [0a) * 5o = -

a— 2

o =

(x+x-20)% (x-L4) = XKLL -

XZ4x-20 _ (};Z,“Sb — %45

Aoy
e = T A ‘
XP-lox _ %<2l _ AR y)
(x3-16x) ~ (x+4) = YAy N Ny "M -—><(><-q)

First you make sure that the terms are arranged in order
by their exponents, with the largest exponent first.

Then you divide the first term of the divisor (x) into
the first term of the dividend (3x2) and write the
result (3x) over the term it matches.

Next you multiply the result by the whole divisor,
write the answer under the dividend, and subtract.

Bring down the next term and repeat the last two steps
until you are finished. If there is a remainder, write it
over the divisor and add this to the quotient.

22

If the trinomial in the last problem had been 3x2 + 7x + 6, we couldn’t have factored it.
Then this method of dividing wouldn't have worked and we would have had to use leng
division. Long division of polynomials is a lot like long division of whole numbers. .

x+1]3x*+ 7x+ 6

3x
x+1)3x2 + Tx +¢

3x

X+1)3x*+ 7%+ 6
SX* * 3%
Hx

3x + 4 o
x+1)3x2+7x + b
Ix* » 3«
4x +6
Hx* 4
2
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problem. Bes:eloaskiorhemﬁywreedﬂ.
=
x+21x>+9x+18
x: + 2%
7=

3x
x-4)32-10%+17

7x+3)ox3-x2-Tx* 12
6x +9x*

Hereaesmm&vis‘onpmuemsklywtodobyyunseﬂ.

(xz+7x+19) = (x+14) (5%t + =+ 30)* (5x+6)

r

(2x2+3x+11)= (x-2) (3x3+5x:-2x-4)=({x+1)

e-_-nu-c—-—n—a.-
O o Suph P PSS
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Rewriting Fractions in Simplest Form

Here is how Sandy and Terry simplified =

oY goes into both
8 and |2.

2into B is H.
2into |2156.

o i .
Sandy- Terryo®~ ( 4 is the biggest number
g v that goes into Band 2.
Yints Bis 2.

Yinto 12 is 3.

-
—_

o
wiN

4 2
& B .
174 M
6 3

Both Sandy and Terry simplified 12 , but only Terry rewrote it in simplest form.

That's because Terry factored out the biggest number that goes into 8 and 12, while
Sandy factored out a smaller number.

Here's how Sandy finished simplifying -,85:

y 2 ,0900 29°es.ntoboth
B w o2

Z T K * 3 2into H is 2.
£ f 2 into bis 3.

After simplifying ,2 as much as possible, both Sandy and Terry ended up wrth 5. Youcan
see that Terry's way was shortest. Terry factored out the biggest number that goes into the
top and bottom of the fraction, so it took only one step to find the simplest form.

Rewrite each fraction in simplest form.

Ooo .
K qo_gaes ;;to both |
20 5 20ond 12, 3070 3 89 =
= - = Y into 20is 5. = = — =< =
JBZ 3 Ginte 12 is 3. 207 2 20+4 5
I8 - 3 le % H -6 '9 -4 2% =2
Mic 4 200y 5 204 T3 B 3
1545 | 2437 —2 60*° 3 303 |\
0t 4 36~z 3 4o-zo 2 90-3. "3
15l | 2 Aoy | BT | 48R 8 .o
60+s T s | 00 | )
24
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A rational expression is in simplest form when we have canceled all possnble factors from ‘
the numerator and denominator. Write each fraction in simplest form. !

9is the bigqe
nv mtr :h?f ;1”5
into 27 and 36. 2
3° ¥ 3
e 3 uhey | DXy LI
- 3
iﬁf ot 3%"{ 2. i
3 : 7
Mﬁ E M' - ;’?3" = 3n
LTS 30xYy . e N
lD‘Q 2 4 27( %7 ™
3
5x+30 _ $B(x+2) _ 3(x+2) 200-25 _ B(Ha-5) _ 125
20% 20%  H4x 350 ZSe. Ta
" i i
12x +30 _,g(?—x L5) | 2xxS lbx +8 Zﬁa‘(zﬁﬂ Z(zy+D
Bx EEx T B 287> 2€ x? Tx?
-

gx+lz  A2X+3) _ 2432 gx+u5 _Ax+s) _ R4S
Zx+ 16 4 (3xx8)  3x4y 1B%x-3b  A(zx-H) A -4

2a% + Ha _ZK(&-’—Z) 4'\"7- 6K3Y 241}_ gﬁ_‘j()("—@) 35(x.§_2)%

Lol- gx?

6ba®- 6at a‘z - -
a pet(a ™ Zalatd D I 5\
3:,(><+1

ratn-8  HOCHRD) 206D | 2062 2x
OX=-108+30 )6 (x2—xt3) 50a-3)( k-1 5(x-%)
6x3 + 18x% - 60x %‘(Xl—}By—rQ N Zx(w(xa—s) 2x (%+5)
qxly-36xy+36y g%j(xz" ok L'D ’53(%—15/%-2) 35(7< 2,)
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Simplitying Multiplication Problems

When we are multiplying fractions it's usually easier to simplify before we mu!tipiy rather
than after. That way we don't have to deal with such big numbers and complicated
polynomials. Here's how Sandy and Terry did the same problem:

7 go @ 090 I'll have to try lots of numbers

Sandy simplitied 7 17 _ 4 17 to see ifthis con be simplified.
er multiplying: 12 "2 257 2 qoes into 252 but net 119.-
aﬁ bl iz 4 3p 4 2 goes into 252 but not 1{9.
I 4 goes into 252 but not N9,
Terry simplified £ 17 11 5 doesn't & g; eb'ﬂ;er-t -
» . T ® _—_—— - e : ° .
before multiplying: 12 2 36 i GAKE iz el

7 goes inta both. Fu‘nally!

Both Sandy and Terry got the same answer, but Sandy wasted a lot of time simplifying %%—g—
Terry's way was much easier. (Notice that Terry canceled across from the top of one
fraction to the bottom of the other. This is OK in multiplication problems, because all the
numerators and all the denominators are going to be multiplied together anyway.)

Multiply each pair of fractions. Simplify before you multiply.

e (5 goes into [0.and

3.8 = K5 Lo g4 2

23231"5 7 Bz Z Z s 5

& |

A A 'z .2z - N S

535 B, 5 ¥ A3 g ¥ 5 &

£.3_ 3 3K K2 G _ Y¥ oK 2y

4 4 g 2, %" T e | ¢y “E

PO A ¥ 1 z we T

b 4 &) )(1"2— ! Xj?_ ?/d ot C.d

Bxy  xt _ 5%’ z’wﬂ}_ib_ixf 2x* 8y 3 |

Taav T ¥3 = pes 72 £ T3z
7 Hy HHy© BB 5 | BY et o
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on are polynomials, it makes

When the numerator and denominator of a fracti
The problem below is simplified

even more sense to simplify before we multiply.

after multiplying. To simphify I
o0 _have to factor.
[

| I
x+Z _ B% . 3xt+bX 3x (x+2) _ G T2 - |
24x xa-t 24x3-9bx 244 (K2=H) o ﬁé*(‘rTZ—I(K-Z) 8(x-2)

y -0
This can be factored again.

You can see that the effort spentin multiplying was wasted, because when we factgred we
got back what we started with. Here is the same problem simplified before multiplying.

-t —

|
x+2 3% _ EE l _ \ ,
-224— s L 8 2)(x-2)  B(x-2)

Be smart. Simplify each problem before you multiply.

3(x~
3:+?. L F(rD) (k34D 3{xxd)

5X ‘X""’Zﬁ 2
WA SR (M o
" Zga a+4 _ Zo( 2 = -—-—»—-—-—2-& :

D o T ey T 2

. 2 (ﬁ%—))(wi B 2 (%D
S T O e

)

xt-x-12 A . 6‘/'{5(’“?’5 5 i T2
x#! = by xpx—/q) X

x2+5x+6  xtl M&“'@M - X+3
xE - vz T (- DD K

7(14-67(1-8 ~xt -51(4:_{- _ WKY*LI>(7<'LD(W e Xl__ | 6
7&2-‘47('1-3 . 5%+ 10 - (%_3364/6 S[M - SX'PS
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Do you think multiplication of rational expressions is commutative and associative? Make a
guess after you do these problems. (Remember to simplify before you multiply.)

fz -3 e | 2 -5

- - R

3 8 —l{f? A -

3.2 -~ ‘15..11743= ~1D

B B 7

X'y o X .ch-x-b 2

3y 4x Tz ._331(*]2 3

o X L et 2

4o 3 12 3x+1Z x~3 3
3(xc0)

264 | webxets  (ORA-SIADD (XD 4D

*Z wERIR =B 0SS (- 1D (=~

cebxett  xz-gt (X1 2GHDGARNK R - X% +2)

x:+7x- 8 x+2 MX,QM B '/X—D
2 3
L 4y 3 _ % A_6 L.3Y\.y .3
(3‘23)2’;55 {ﬁ's (x y)f Zf
shg)-pds i A
( 5,
(§%)%-= s(23)- =
Ve 2 =
g(%g‘ %Z)= 4% (-?:E‘)éx‘: Téi
(3232311, ED(x-3y _ x2-9 _ x2-9
X=2Z %27 R A lyler ) CX(x2-4) XP-4x
2 (E5) s Sewe
be I
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If you guessed that multiplication of rational expressions is commutative and
associative you were right. (A few examples aren't enough to prove this, but it /s true.)
The Distributive Principle works for rational expressions, too. Use it to do these problems,

(L i)zt eszk L, E (&)= 0
o zo(,o £y
8(4-3): #1575 1 x)., 2 (50 = Ix
(3D RN
B3 +4) - (5 = e | #(30)- X (B)-
1794.%4_\@_)-.
f(1-0) (33 3 | alhed)s (55
VRN
[V ax ' Y¥x
20%( - &) - 5?(:@) Rl R) = BT
Jo /.L _ £ \= s 5—34:5—
 Ulox 1o X ~2
x2 éz.g.é. = ,(}_t@: :2_\,6 5x é 3 X2+ 10
7«1(/2 +_Z_g)f(” )tf) ' sz(sz xl?: S %} )
) Uz T | (5x2 " 5%z A0
|Z (3‘&"|) Jé Ela 5“)—: L1‘(1’('4 )=U{J{%q+‘> Z(%«:&B
\%(%':'5557 (5 2= 201200 ' Qaz i §7 = sz
abe(s+ LY - gﬂ#( mm(ﬁ-;)- 5 (29 25 uosd
29
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Reciprocals
‘_—___——‘—'—ﬂ—“———-

Every number except 0 has a reciprocal.

When we multiply a number by its reciprocal we

always get 1.
. g2y 2,3,
The reciprocal of £ is 3. B d |
“The reciprocal of +is 2. l.2. |
P gist: 8
“ = is the reciprocal of = -,_ST —% = |
« 2 is the reciprocal of 5" x;l 13, = |
Do you see a rule for finding a reciprocal?
Find the reciprocal of each fraction.
Fraction 3| L2125 ]1=x]¢8 Sa | L |xzH|x+] ‘
8 6 Z 7 3 4 y 2 3% 3 |=x-1 1
73 -
Reciprocal i& - E Z ,3. j_ é — 554 2 %_-.\.
Complete each sentence below.
10= 10 : - - : N
= , so the reciprocal of 10 is 0 o G , so the reciprocal of y is
| .
= - j
2= Z‘ . so the reciprocal of -2is — .| —a= —— S0 the reciprocal of —ais  — ‘
! % ’ —o
l +
4= i , so the reciprocal of 4% is Z | x+3= kb , S0 the reciprocal of x +3 is ——-
3’ 1Y l X+3
[
0.5=i - so the reciprocal of 0.5 is f_-c_: .| Sxy= Xy , so the reciprocal of bxy is —— .
{o S ) Sy:j
| [ 2_
1.3 =,_3_ , so the reciprocal of 1.3 is /Q. x2—4 =><____---I7L . so the reciprocal of x2—4 is —
o , ) / ,.g}

To find the reciprocal of a number, write the number
as a fraction and then invert it (turn it upside down).

|
|
T
|

30
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Dividing Fractions - A T T |

When we divide an integer by another integer we get the same answer as when we multiply !
the first integer by the reciprocal of the second integer. Here are two examples: ’

{\2“—& =3 {‘IB*Z = -9
IZ'ql='l'|'2"i'I‘3 “|8'%=--"|§--7‘:=“7

The same thing is true when we divide a fraction by a fraction. We can get the answer by
multiplying the first fraction by the reciprocal of the second fraction. So when we divide
fractions we first have to rewrite the problem:

The division sign gets changed to a multiplication sign.
And the second fraction gets replaced by its reciprocal.

Then we multiply to get the answer.

Do each division problem by changing it to multiplication.

é—.‘-é—é- ..‘--‘-.L:"Lo—%":——z—:
7 8 7 3 2 3 | %
‘3.2_"3 _5.;31:_5_,__3.—-:5:—3-
0" 7 o 2793 2" " 20 4
3.8_21 L2_8&8.,5_ 10,
lT+2°7 8+57 7 "2 Q"ZD
3x ., 4 _ % §_“Th=%i‘,2'—f—_-1:-
5" x 5§ 5 « § © 5b
2ea l 2.

li.xz_x -2—-(-1-"— 2:-—‘ = =
vy y T 5p T P TSb By K
oer, 7.2 v X D Hox
W " ab CL I 2y
é_.-x#-'_ :.?_)S-%
x  x-2 XE+ X

o F(a-5> _ Ka-40
(Cl"'s).:"——é_ v a7 - G ¥ 2.
x+b . %+Z ol ..
x-2 k-6 x> —H
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Each division problem below can be simplified. First rewrite the problem as a multiplication
problem. Then simplify before multiplying.

) ,
3.1_.3. 4 6, 5.3 _ 5 % 6
2 4 z(l l 6 36 @I 3L ~
-
8 ., _’i,f_ﬁl 5 é“?kq
q_ift—q 25,&'2‘7 |5-3—/ gﬂ
é+é=z‘§-_s_-_ Lﬂ——?‘::%':@:i
2x 5 2x @ Hx 3 &6 ¥ x¥F X

S o O rm——

LY L g i L e e G T T
e T 3
3
I |
3x+12 . x+H _ 3x+lZ % _ 3lar®) x 3
xt X x*  x+4 ¥ LS

=y —

e a? arz Blodd T L

Za+b  ae3 2etb & _Z2(axBy 2
Lo

ox | _loxt MH x5 ?’x,:\
3x-9. 3x*-9x kB JE T 3x

2+ 3% -10 | x-Hx+Y Mk@ 4(*2) ‘-&x+2'o
T T N s ol
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%, (x-10)* 250
-1flo |

Jome of these are multiplication p
Be sure you look closely before yo

1
,%’L'L__ |2
= 35

4

R
s
7

B

—‘ —
=
v

s

o

roblems and some are division prgblems.
4 start each one. Always simplify if you can.
A==

T 4T

2o o

- —— &~

20 . 7
70 7

21 10 Z|

c—

. 1, 6

B 2y
LS

28x . B% ‘
X

| S

33y 3y

-—
-

p—

—

[ (

Ge o _
-@"r“fZab%-}’gz 7/‘07. -

Y
T0* He ly

@1_2&: =‘ d4ant
gf}!l yad 2

& Y|

__’———'-———
X~ Z_4x-5 wAY
w-5 * o ’X Sl

Ex-!
Tx*

- —

W F-20%X\00 (;&:JQ) .
X +H\O )

23_‘-‘3-2(23/‘ = XX10

%+ |

Y H\o
N

/7

3 N Wad w3 2K (o,
x+3 . %" 3

i +3) 6% ~—- __ bx™b
b~ 2x(x+3 lxs‘\_ \ZX-LJF\%X - )

I ext-6

T

<

I

(x+1)?

x =14
xt +5 s

xt-4%x-5

free2 (4D :(x-z\(><+\3 .
—A-T?‘B (\;4*55/50-7)

“ 3

(D2 X
el (T4

- ——

3

I
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