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Systems of Equations

The graph of a linear equation is a line if the equation has two variables
and a plane if the equation has three variables. A system of linear
equationsis a setof such equations considered atthe
same time. 4l9l2

The history of systems of linear equations had a
rather unusual beginning—it started on the back of a 3|5|7
turtle. According to ancient Chinese tradition a turtle
carried a special square from the river Lo to a man. 81116
Here is the square.

Suchasquareis called amagic square because
the three numbers in every row, column and diagonal add up to 15.

The Chinese were especially fond of patterns, so it is not surprising
that they would be intrigued by magic squares. About 250 s.c. a book
called Nine Chapters on the Mathematical Art devoted one entire section
to constructing them. It involved three linear equations, marking the first
time in history that a system of linear equations was ever encountered.

Chinese mathematicians continued to develop and refine
techniques for solving systems of linear equations. The peak of this
development occurred in 1303 .o. with the publication of a mathematics
book having the unlikely title Precious Mirror of the Four Elements. It
described a method for solving systems of four equations whose
unknowns were called heaven, earth, man and matter.

The results of these Chinese advances remained unknown in the
West. During the early part of the 19th century the German mathematician
Karl Gauss (1777-1855) introduced an effective method for solving such
systems. It was modified slightly by Jordan, and today the procedure is
called Gauss-Jordan elimination.

Who is Jordan?

For over a century the name Jordan was assumed to be a tribute to
the French mathematician Camille Jordan (1838-1922). However it was
discovered in 1986 that the method was actually due to the German
geodesist Wilhelm Jordan(1841-1899).

On the cover of this book you see the legendary Chinese turtle
emerging from the river Lo with a magic square on its back. The pattern
on the turtle’s back represents the magic square shown above.

Historical note by David Zitarelli
lllustration by Jay Flom
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Rational Numbers

In Books 1 to 4 we worked with integers (positive and negative whole numbers and 0).

We had no trouble adding, subtracting and multiplying integers, but when we got to division
we ran into difficulties. Division problems like 9 + 0 have no answer, because you can
never divide by 0. Other problems, like 10 + 3, do not have answers which are integers.

To solve problems like 10 +3 we need a new class of numbers called rational numbers.
Rational numbers are numbers which can be written as fractions. The numerator (top

number) and denominator (bottom number) of a fraction must be integers and the
denominator may not be 0.

§_ I —5 O 6 -9 ‘_7_ <€«——— numerators

pu—

L} 7 2 8 ﬂ- T 3 <€—— denominators

Every integer is a rational number because it can be written as a fraction with a
denominator of 1. Rewrite each integer as a fraction.

g=% 3=2 0= 15 =
4 = 21= 25 = 6=

Every mixed number is a rational number because it can be written as a fraction.
Rewrite each mixed number as a fraction.

2:8=16. 2 is |6 eighths 3 2
and there are 3 more eighths. ‘ T = 10] 3

Ib+3 ﬁ 7_!_
5 =

£y
2%="8 B8
3% 32=

"

ol |-
]

5
- 4

Every decimal is also a rational number (unless it goes on forever without repeating).

A terminating decimal (one that comes to an end) is a rational number because it
equals a fraction with a denominator of 10 or 100 or 1000, etc. Rewrite each terminating
decimal as a fraction.

06° & 09 - 13513 = 12
_ 6 _ _

0.06 = 55 0.09= 2.7+

0.006 = 0.19 = 5.01=

0.0506 = Q0.119= F27T=

©1990 by Key Curriculum Project, Inc. 1
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Dividing Integers

Now we can divide any integer by any other integer except 0. All we have to do is write
a fraction with the dividend (the number we are dividing into) as the numerator (top) and
the divisor (the number we are dividing by) as the denominator (bottom).

~a. 10

Do each division problem. If the divisor goes evenly into the dividend, write your answer
as an integer. Otherwise, write it as a fraction.

|2 +-2=-6 |5 '-'_3= |5+L+= "8—3—‘3:
Ho+7=342 7:2- B St + 7 =
3+5- 459= b= -2+19 =

A fraction can be positive or negative. To find the sign, just follow the rules for division.
When division is written using a fraction bar, the rules look like this:

POSITIVE NEGATIVE
POSITIVE NEGATIVE
NEGATIVE = - NEGATIVE NEGATIVE = FPOSITIVE

If a fraction is positive, we will write it with no signs. If a fraction is negative, we will write it
with the negative sign on top.

3. iti ill writ 3 3. fi . . 3
= is positive, so we will write 7. 7 Is negative, so we will write .

Do each division problem. Write your answer as a positive or negative fraction.

3+3=% H4:7- 5+2 = 8+5 =

3+10+ =5 = 9= 40+ 29 =
"9+710= 9-%"5= 12 +77+= ~3+-100 =
12 +11= H=+5-= RAERCE 20+ 7 =

©1990 by Key Curriculum Project, Inc.
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Divide. Write your answer as an integer or as a positive or negative mixed number.

_ _ 7 qoes into |12 | time with
4 goes into 9 2 times a ?e mainder of 5. The
with a remainder of |. answer is negative.

qrl=25°°° 2+7=45°°° g e7-=
50 +75 = -10 30+9= T+
28+ = 18+5- 60+ =
“80+710+= he+2 = b +-3 =
25+7= b3+79-= 100 +3=
0+6-= 20+ 3= I +75 =
IECE 2574 = "37+10=
Divide. This time write your answer as a positive or negative decimal.

3:10=3=-03 07+100=192 - | L < 1.07

"8+710 = 4| =100 =

3910 = ~253 +7100 =

Cgss)

15+4=3.75 26+5=

742 = 30+ 4=

“I00 -8 = 12+5=

©1990 by Key Curriculum Project, Inc.
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Equations with Rational Solutions

Now we can use the Division Principle to solve equations even when the answer S not an
integer. Solve each equation. Write your answer as a fraction or as a mixed number.

Xx =725 9x =40 Uy = 7
*x 7

x ="3%

2x-5 =4 3x+7="H Hx+[=15
x—3=8x+5 ~2(x=-5)=7 x-Bx+7="8

Solve these equations, too. This time if your answer is not an integer, write it as a decimal.

*:_13=:I£°° “5% =18 =7

T

X =725

=7 = 3 + 20 x=9=6bx+7 10x°2 -3
3(x-5)=x-20 H(x+6)=23 2(x-3)+x =9

©1990 by Key Curriculum Project, Inc.
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Number Lines

In Book 1 we used humber lines to help us think about adding and multiplying integers.

The football field was a kind of number line. Rulers and the scales on thermometers are
also number lines.

To.make a number line we draw a line and divide it into sections of equal length called
units. Then we number the points which separate the units. Here are three number lines:

< | | | | | ] | | | N
| | | I | | | I | | | &
0 1 2 3 4 5 6 7 8 9 10

< | | ~

T~ -l I ! 7

< | | | | A

D >

!
60 59 58 57 56 55 54 -53 52 51 50

The arrows on the ends of each number line show that the number line keeps going.
We can start with any number as long as we number the points in order (usually from left to
right). Sometimes we do not show every unit. This number line only shows every fifth unit:

25 20 “15 “10 5 0 2 10 15 20 25
Here are some number lines for you to finish numbering:
<1 | | | | | | | | | LS
N 1 1 | I | I | 1 | | I -
3 0
"ttt
4 "1
-ttt
86 90
<~ I l I I I % l I I —>
50 20
| |
-ttt
18 15

Make a number line showing all the integers from -5 to 5.

©1990 by Key Curriculum Project, Inc. 5
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Graphing Integers

We can use a number line to picture a set of numbers. On the number line we make a dot

to show each number in the set. This is called a graph of the set. A graph can help you see
a pattern or answer a question. If a pattern continues forever to the left or right, we fill in the

arrow that points in that direction.
This pattern suggests
Graph each set of integers below. that O is even.

O,

Odd integers: <«—4+——4—F—4—"F—4—F—4+—F—4+—1—>
5 4 3 21 0 1 2 3 4 5 6
Even integers: <«—4+—————"~———»4—F—"~F—"-"+—"+—"1+—1+—"+—>
5 4 3 21 0 1 2 3 4 5 6
Integers less than 4: <—4—4—F—"-"r—"1—"F+-—+—+—+—+—"F+—"F1—"+—>
5 4 3 2 1 0 1 2 8 4 5 6
Integers greater than -3: <—"4——~A—"—"-"rF+-—"—~—F+—"~F+—"4+—"1+—+—F+—"14+—>
5 4 3 2 1 0 1 2 3 4 5 6
Integers between -3 and “4: -ttt 1>

Integers not equal to 2:

A
Y

Integers divisible by 2: <«—++—+++++++++++++++++++++
0 10 20
Integers divisible by 3: ~<+—+—+—++++++—+++++++++4++++++>
0 10 20
Integers divisible by 2 and 3: <€+~
0 10 20
The squares of integers: <11+ 1 1
rrrrrTr T
10 0 10
Integers with squares
which are less than 10: %HH:HH:H:::H"'""!\
_10 0 l1l0l T

Did you notice any interesting patterns in the graphs you made?

6
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Graphing Rational Numbers

Integers are ngt the only points on a number line. On the number line below we have also
labeled the points halfway between each integer and the next.

< l 1 I : '

i
B 2 2 1z 1 3 0

Nl =+
—

—t

|

N

N

n|

Ip fact,‘there is @ point on the number line for each rational number. To find this point,
first write the rational number as a fraction. The denominator of the fraction tells how
many parts to divide each unit of the number line into. The numerator tells how many
parts to count off to the right of O (if the number is positive) or to the left of 0 (if the number

is negative) to find the point. Here’s how to find %% and %

5 Plpat,. Y

}* |

R =t
1 B & % € § %

-’53' is between O and I 5 parts

T e TR

5 <« : S e R
LU B 1

B:25 ooitis between 2 and 3. Kﬂjjpa&s’/_\

19+° P et e 1

7 I | l1 12 13 14 s le | >

227 27 27 27 27 27 38

On each number line, first finish labeling the points. Then graph the rational number at the
left.

3 P4 1 1 [ 1 L L L 1 1 L 1 L 1 1 [l L .
7_7_" < T T | | 1 T T T 1 | T | 1 T | —
0 1
'—%— < —t —t —3 — — >
0 1
i o< L L L 1 L N
2 ~ I I 1 1 I o
0 1
'-;i 4 —t - —] — i >
0 1
Label each rational number shown on the number line below.
>
-2 -1 0 1 2

©1990 by Key Curriculum Project, Inc.
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hout repeating), so it also

E imal i i unless it goes on forever wit ‘
ach decimal is a rational number ( g o e s o raction or

has a place on the number line. To find the point for a decimal, t
mixed number.

0.4 is the same as 14—0 . This number is between 0 and 1 so we divide that unit into ten parts
and count four to the right of 0. '

| | 1 ! | } ! } } >
< : | 1 T —— |
-1 0 0.4 1

-3.7 is equal to -3 . This number is between -3 and -4 so we divide that unit into ten parts
and count seven units to the left of -3.

( | 1 1 * 1 1 1 1 1 1 | : —)

I | LI}

4 3.7 -3 2
For hundredths we could divide the unit into a hundred parts, but to save time it makes
sense to divide it into tenths first and then to divide only one of the tenths into ten parts.

To graph 0.32 this way we first notice that it is between 0.3 and 0.4. Then we divide the
section between 0.3 and 0.4 into ten parts. Each of these parts is a hundredth of the unit.

9.32
— : % pbrei : | } | : —
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Graph each decimal below.
0.7 —a+—4+—+—++—t+—+—++—+t+t+—+—t+—t+—t+—+—+++F+>
= 0 1
0.2 «+—4—+—t+—+—+—++—+—++T1T++t+++—+—++ >
= 0 1
58 <+ ——t—— ——————+—+— >
4 5 6
4+ttt
g 4 -3
325 «+—+t+—+—+—++—+—+—+—+—+—++—+—+—+—+—++—+—+F+>
3.1 3.2 < Fel
7 gttt >
1.8 1.7 1.6
o.75<::::::::::{:::::;:::;>
~0.08 <+ L e e e e L A ! MR : >
~0.2 0.1
- 0

©1990 by Key Curriculum Project, Inc.
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Find a decimal name for each point graphed on the number lines below.

-1.2
-3 "2 1 0 1 2 3
] —| >
S 6
<t — >
_4 _3
< s B D B
0.1 0 0.1 0.2
Imagine making a graph of all the rational numbers between 2 and 3.
First we would graph the halves, <—| . -
2 2l 3
then the thirds, <—| > > > —
B 23 2% 5 3
then the fourths, < — > > —
2 2t 24 23 £ 22 3
then the fifths, —<—] T e S —
1 A1 1 2 1 3 2 3 A4
2 2524 2325 273 2523 2323 3
andsoon...

We would never be finished! Soon the line would be so crowded with dots that you couldn’t
tell one from another. So when we want to show all the rational numbers between 2 and 3
we just shade the whole section of the line between those numbers.

P ——— >

2 3
Whenever we say “between” we will mean “not including the endpoints.”
We have used hollow dots at 2 and 3 to show that those numbers are not included.
You graph all the rational numbers which are:
between -1 and 4 S e e o e
4 3 2 1 0 1 2 3 4 5 8 7
between -3 and 0 -ttt
4 3 2 1 0 i1 2 838 4 & ®& 7
between 2 and 3.5 ~—t—t+——+—t+—t+—t+—+—t+—t+—1"t
4 3 2 ™1 0 i 2 3 4 5 6 7

©1990 by Key Curriculum Project, Inc.
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Can you tell what sets have been graphed?

A
~
o)
©

i llow dot show
The first graph shows all rational numbers which are greater than. 3. The ho S
that 3 is not included.

The second graph show all rational numbers which are less than or equal tg S-n-:i:}:esdt[ir:?o:;
is included, so we have used a solid dot. On both graphs the arrows have bee
show that the graphs continue.

Graph all the rational numbers which are:

less than 6 == 1

s | I R
greater than1 ~ <—4+—4—"4—"—r—4—4"+——+—+++—}+—}—>

A
N\

greater than or equal to 4

A

less than or equal to 0

A 4

greaterthan orequalto -1.4  <€+—+—+—+-+1 l ———————— } —H—————p
—1 0

less than or equal to 0.5 <:::::::l:::::::::|{:::+}:¢
ot !

between8and85 €—4H—"A—A— 1+  ,

78 80 ] | | | I 1 T —

notequalto 1~ <———|—| 1 N

R e e e

10
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Inequalities

In Book 3 we worked with equations. Remember that an equation is a sentence about
numbers being equal, like x + -4 =5.

Another kind of sentence is an inequality — a sentence about numbers being unequal.
Here are two examples of inequalities:

x+4<5 means “x + "4 is less than 5.
x+4>5 means “x + -4 is greater than 5.”

Sometimes we combine two symbols to make a new symbol. The symbol < means
‘is less than or equal to.” And the symbol > means “is greater than or equal to.”
Sentences using these combined symbols are also inequalities.

x+4<5 means “x + -4 is less than or equal to 5.”
x+425 means “x + -4 is greater than or equal t0 5.”

To get used to using <, >, < and >, read the following statements carefully.
Each of these is true:

0 > 6 525 B8<8 12 =12 i
922 555  8>8 12212 T7s<wH
Each of these is false:

3 >4 ©<76 929 | <0 | 22
324 o >0 7=-9 0<O0 zZ 22

Mark each statement below true (T) or false (F).

8>2 T 4 s | 7<7

8 2 2 14 <-I5 7 <

8 218 Iy <y 757

353 0 >-8 0 < 24
3<3 02-8 3 >2
3<0 -8 <0 4 2-|

©1990 by Key Curriculum Project, Inc.
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. 7] H itted-"
is the international road sign for “Passing Perm

®®

is the sign for “No Passing.”

Can you figure out what each sign below means?

is the sign for

is the sign for

is the sign for

is the sign for

NS

A slash is used on international road signs to mean “No.” We use the same idea to make up
new symbols in algebra. In these symbols the slash means “is not.”

7+ 4 means “7 is not equal to 4.”

O %5 means “0 is not greater than 5.”

2 { 2 means “2 is not less than 2.”

0O £ 12 means “10 is not greater than or equal to 12.”

3 £ 0 means "3 is not less than or equal to 0.”
You write the meaning of each sentence below.

B LY means

O %3 means

5 26 means

710 #10 means

x+4 #£9 means

2%x €10 means -

325  means

12

©1990 by Key Curriculum Project, Inc:
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A number is a solution of an inequality if it makes the inequality true when you try it in
place of x.

These numbers are solutions
of x+4<5:

7 because 7+°4<5
1 because 1+4<5

0 because 0+-4<5

These numbers are not solutions
of x+4<b:

10 because 10+-44¢5
9 because 9+-445
25 Dbecause 25+44¢5

Try to find at least five integers which are solutions for each equation or inequality. If there
aren't five integer solutions, list as many as you can find.

x >3

x 4 O

x
IA
X

X > X

x < x?

©1990 by Key Curriculum Project, Inc.
Do not duplicate without permission.

X+8=‘O

X+8<IO

x +8 > 10

x +8 =10

X+8.<.|O

x +8% 10

v +8 *10

x+8{|0

x+8 410

13



Absolute Value

amount of the answer by multiplying or
he rules for signs. The amount of a
| around a number when

When we multiply or divide integers we get the
dividing and the sign of the answer by following t
number is often called its absolute value. We put the symbol |
we want to talk about its absolute value.

|6] =6 means “The absolute value of 6 is 6.”
| 6| =6 means “The absolute value of 6 is 6.”
0] =0 means “The absolute value of 0 is 0.”

Finding the absolute value of a number is easy. Just get rid of its sign. You find each
absolute value below.

| -4 1=y | =19 | = | 2| = 13-9]=1"%]=
| 7 1= e |73 4(-5) | =
|10 | = | 0.19 | = | 0.027|= (6)4) | =

Use trial and error to find as many solutions as you can for each equation below.

Both 5 and -5 have
o( absolute values of 5.
o

|x1=5 9,75 | x+2| =4
|x1=8 | 3x|=27
| x] =0 |x-5]=2
| x| =75 |x-8]=0

For each inequality below, try to find at least five integers which are solutions
7,10 and 12 have absolute
values greater than 6,
but so do ~7,710 and -12.

0

|x1>6 710,12,77,710,"12 x| 4 7
x| < 6 x| $10
x>0 Ixl > x
| x| #3 x|l <2 j

14
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Graphing Inequalities

Look at the last equation on the previous page. The five integers which are solutions are
-2,71,0, 1 and 2. We could easily make a graph of this set of solutions.

< <—F——F—F—4——+———1—F >
|'X|2 5 4 3 2 1 0 1 2 3 4 5
Some inequalities, like x > -3, have an infinite number of solutions. It would be impossible
to list all the integers which are solutions, but we could show the solution set by starting a list

and then using three dots to show that it continues on and on.

x >3 {2-1,01,23,..)

We could also graph the set of solutions using a darkened arrow on the right to show that
the dots continue to the right.

- - <——F—F+—4———4————>
x >3 {210123,..} 5 4 3 2 4 0 1 2 3 4 5

For each inequality, show the integers which are solutions in two ways: by making a list and
by graphing.

List Graph
x < | { ) —t—t—t—t—t—tt—t——+—+>
% 28 { ) —t—t+—t+—+—+—+—+—+—+—+—+—>
x 3 | ) <ttt
x 24 | et
x 2210 { ] <ttt
x=0 | ) —+—t—t—t—t—t—t—t—tt1>
x| <Y | } <ttt
Ixl 22 ¢ )} <—A+———F—+—+—+—+—+—+—+>
x+| 25 ¢ ] Attt
S ket o 15



; i solutions of the‘
It would be impossible to list all the rational numbers which aré rthan -3 is.

. : reate
inequality x > -3. -3 is not a solution, but every ratlon‘al number g
We can show the solution set very clearly by graphing.

<11
D i 2 3 4 5

-5 4 -3 2 -1 0 -
' whic
For each equation or inequality below, graph the set of all rational numbers
are solutions.

| | I : 1 —>
x > | < } i : ! i 1 !
5 4 -3 -2 -1 0 1 2 3 4 5
| | | N
x <2 < | I i 1 } | : 1 I I >
) 4 -3 2 -1 0 1 2 3 4 5
| e
X222 < 1 { I = 1 = | ! 1 >
5 4 3 =2 1 o0 1 2 3 4 5
X ZbL" < | | } | { 1 = I } | 1 >
5 4 3 =2 1 0 1 2 3 4 5
x # 3 < | | 1 I | I | I | >
54 3 2 10 1 2 3 4 5
x 2 l5 < I I | I I : : : } { = >
> ®w = @2 1 @ 1 2 g 4 B
{ ZL < | | | | | | ,
T 5 4 3 2 4 o o t—F—1
; ] ] B
o1 2 3 4 s
| |
x #HH < ! | | } ; ! | | | L >
E 43 2 -1 0 1 J I ] —
2 3 4 5
xS2 () <— | 1 , | | | | | | |
-5 4 -3 ) -4 0 1' I I i | e
2 3 4 5
K } Z % = I i : : | | |
5 4 -3 -2 - I 1 ] L
3 4 5
I1>3 <t |
S ——

N
(=]
—
N
w

4 5

©1990 by Key Curriculum projech lr.‘c.
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The graph of an inequality de
The set of numbers we allow

Pends on what kinds of numbers we allow as solutions.
as solutions is called the replacement set.

!ntthcee :l;s;rprollal|em below we.have shown what the graph of x < 4 looks like when only
|r:|eg o ase aI oyved as solutions and what it looks like when all rational numbers are
allow Solutions. Make a graph of each inequality for each replacement set,

x LY
x =0
x >2.5
x 2 5
x £ 3.5
Ix1< 2
|x[<2.5
x| >4
x>0
X+ 4

x P |

Integers

-5 0 5

<l 1

‘||===IIIE=I>
5 0 5
<l 1 1

-
5 0 B
L1 -
t—+—t++++++++
-5 0 o
e
5 0 5
§ <) 0 5
A
"D 0 5
SR T N T T N N T T O B I
€“—TtTT T TrT T T
K+ 0 5
A
‘5 0 5
A
“5 0 5
S L
5 0 5

Rational Numbers

8 0 5
<11 1 1 1 11 1 1 15
~Trrrrrrrrrrrrrutr 11~
5 0 5
D I o e e e e
5 0 5
P2 I N I I N N N A N A N
~rrrrrrrr rrrrrirrir-
5 0 5
-5 0 5
5 0 S
"5 0 5
P72 I [N N N N NN N (N I N N
~rrrrrrrrrrrirrrir i1~
5 0 5
<« 1 1 1|1 1 11 15
~Trrrrrrtnrrriri1~
5 0 5
F—+++++++++1>
5 0 5
O s B
5 0 5

From now on in this book we'll always use rational numbers as our replacement set.

©1990 by Key Cutriculum Project, Inc.
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Solving Inequalities

: : : ituting that num
We can tell if a number is a solution of an equation or inequality by substituting ber
for the variable and seeing whether the result is true or false.

Is 8 a solution of 2x + 5 <x—15? 2x+5 & %x-15

We can substitute 8 for x to find out: 2.845 <& 8-15
6+5 < 8+715
21 < -7
So 8 is not a solution. false

Luckily we do not have to substitute every time we want to check a possible solqtion.

We can use the Addition Principle to help us solve an inequality just as we used it to solve
equations. The Addition Principle can help us find a simpler inequality with the same
solution set. This is called solving the inequality. Look at this example:

257+ 5 < X*-15
x+\§:‘< -15°
x < 20

Only numbers less than -20 are solutions, so 8 could not be a solution. Neither could any
other positive number.

Solve each inequality below using the Addition Principle.

x+ 45> 3 x-4 <12 x+9 < -6
x 2" lo
2 +x < 6 I+ x 2| x=3<"3
-4 M
5S> x+ K 0 < x +6 2 2 x ~7
| > % ﬁlisbi”er
X £ l"o ?s l:s’;':::: 17.‘
Y “Hx
5 -
5x+|'>""|";+|5 7x—=9 < 6% + |} X=5 < 2%x +8
X +
x > I
18 .

©1990 by Key Curriculum Project. "™
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Solve each inequality below using the Addition Principle. Draw a graph of each solution set.

x=7 20 x=9<-9 6% x+12
x >7
567 8 9 10 < > | = >
Zx +| > x -4 x+ 16 < 2% +20 5x -6 £ Yx + |
<€ > < > < >
3(x -3) > 2% x -+l £ 26 2(x=1) < 3(x +14)

xt=5 < x@+x+|
5 < x +|
6 £ %
® V76

-7 6 5 4 -3 -2

xx+x+8 2 x* -4

A

>

2x2+22 >2x2+%x-9

& N
S >

(x +2)0x~2) < x+ X
KE-4 L ke X

(x +2)x=1) = x?

(x-4)Nx+5) L x2-19

o SR ¢
x >4
< > | < —> | < >
1990 by Key Cortesum Pofect . 19
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cation and Division Principles for

Maybe you are wonderi h here are Multipli S
i A i the same as the Multiplication and

Inequalities. The answer is yes, but they aren't quite ! : _
Division Principles for Equations. When we multiply or divide both sides of an inequality
by a positive number, we do get an equivalent inequality. But when we m_ultlply or
divide both sides by a negative number, we must reverse the inequality signto get an
equivalent inequality. Look at these sentences to see why:

Multiplying "6 < |0 « true Dividing 6 < 10 « true
ik —62< |02<—— true by -—2 < _qu «— true
12 <20 ¢ 3 <5
Multiplying :6._2< IO.‘Z(-_ true Dividing :i) < llg) «— true
by 6" < 10" e false by -2: 2 £ z «— false
2 <20 < 3<°5
12 >-20 «— widedio> 355 i

Solvg eac_:h inequality using the Multiplication and Division Principles. Remember to switch
the direction of the inequality sign if you multiply or divide by a negative number.

Sis positive. Leave 4 is neqative.
the 2 sign alone. Switch < to >.

S 5x 2730 FH <6 2 <7
DA (%) 5 (6t
= x > 24
.S -
o =Y & sy llx < =33
5 <12 2% > 5 3% < O

20
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Maybe you are wondering whether there are Multiplication and Division Principles for
Inequalities. The answer is yes, but they aren't quite the same as the Multiplication ar\d
Division Principles for Equations. When we multiply or divide both sides of an inequality
by a positive number, we do get an equivalent inequality. But when we multiply or
divide both sides by a negative number, we must reverse the inequality sign to get an
equivalent inequality. Look at these sentences to see why:

Multiplying 76 < [0 « true Dividing 6 < 10 « true

by 2: _6.2< |O°2<-— true by 2: :_g_ < !29 = drme
12 < 20¢ 3 <5

Multiplying :6.-2< O [ true Dividing i’ < l,? T true

by -2: 6 < 10" e false by -2: E £ 7 false
2 <20 < 3<5
12 >-20 «— bl 0> 325 I:::'d::hft>

Solvg eaqh inequality using the Multiplication and Division Principles. Remember to switch
the direction of the inequality sign if you multiply or divide by a negative number.

ilagigoay Switch X ta >
% 5x 2730 S <6 £ <7
5| aner
B x > 24
“9x < 72 7z <8 % 2y

A =
6 = O ‘mx > U llx < =33
5 <12 2% > 5 -3x < 0

20
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'Solving. eaqh inequality below takes more than one step. Remember to switch the
inequality sign whenever you multiply or divide both sides by a negative number.

o Adding -5 to each
o (sitde is 0.K.
° -

Bx+ 50> 225

5x +1 < -4y “2x+15 < 7
3% D> 17
) BK <17
?: reverse >. °’°:§ :g
X <'-'31
5 , - _
222K 5 x:753 X6 > -4
DX > 3 - -
3 =10 2 < X >-12
%+|4>9 _A_/+55|2 _;.-|o<-rq
2x -7x £ 3 -3(x-5) > 2| 9-x < 7

©1990 by Key Curriculum Project, Inc.
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Here’s how Sandy and Terry solved the last inequality on page 21.

Sandy Terry
9-x< 7 Fxs 7"
9% P -x £ 72
2 < x “Ix £°2
x 2 2 % 272
A -l
x 2 2

Both Sandy and Terry ended up with the same solution set. Whose method do you like
better? Why?

Both methods work. Use either one to solve each inequality below.

2-x > 16 25 = 10 - % -5x+9 2 3%

3x+15 >3+7x | x+20 < 5x -8 1B +x 212 +7x

5(3- %) < 50 X502 12 -7x £ 12

22
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Solve each inequality and graph the solution set.

3x-Hx > 6 x+12 2 2x-5
<« > | < >
. - X _ -
"T < "6 2 7 < 76
< > | < >
Ix - 2x -— x 2= 24 + 3% L%+|<4
< > | < >
fle+ Hx > 10 - x 3(x-4)-9x 2 2x -4
- > <€ >

©1990 by Key Curriculum Project, Inc. 2 3
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; . : d not use the
When an absolute value sign appears in an equation or inequality Yno;’nz;:;;utlhe A
Addition, Multiplication or Division Principle to simplify an ?press'os

value sign. Instead, think about what the absolute value sign means.

The number inside the | | sign
could be either b or 6.

oo
| x + | | = 6
x + | = 6 or n* | =0
x =5 or x*= -7
To make sure that both 5 and -7 are solutions, we can substitute each for x.
Check : |5+1]|=1]6|l=6
-7+1| = |6l =6
Solve each equation, and check your solutions.
| x+5| =7 | x=-10]| =2
Check: Check:
|51 =2 1-3x| = 4
Check: Check:

| 3x +41 =10 l12x -6 | = 6

Check - Check

24
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Solve each equation.

The 3 is outside the

sign, so I can use
the A hon Principle.

| x| +3°= 2073
| x| =
=|7 or ~|7

| x| -8=-2

|x] +8 =1l 2|x|-5=3

| 4x-5] = 4lx|-5 =7
|x+2]-3=7 |x+5]|+4 =12
3lx|+5="4

| 2x-3| +2 = ||

©1990 by Key Curriculum Project, Inc.
Do not duplicate without permission,

25



Solve and check each inequality.

What's inside must be
o ( over 3 or under “3.

You can’t check all the solutions, so pick a few samples. o
|x|°+?_ < lx—Zl > 3
SSLISITIRE k-2 >3 or x=2<73

- 5 o X < -|
Check: X <9 ad x D9 Check:x > o
6: lel +2=6+2=8<Il q;lq-zl=7>3
e |yl r 2 =4+2=6< 01 | I4-2]=161=623
|x| > 12 |x| < H
Check: Check:
|x|+4 < 20 x|l -6 > |
Check: Check:
|x-1] <5 lx+10) > 5
Check: Check:
Check : Check:

26
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Relations

In algebra, =, <, >, <and > are sometimes called relations. Thinking of relations in your
family can help you understand relations in algebra. Relations in your family are people
connected to you in certain ways. You have different kinds of relations: mother, father,
brothers, sisters, aunts, uncles, etc. Look at this family tree:

Abe Bev Cal Dee
| J L : |

Eve Fred

- I
| I l |

Guy Helen Ian Jane

The tree shows Abe is married to Bev, and Eve is their child. Cal is married to Dee, and
their child is Fred. Guy, Helen, lan and Jane are the children of Eve and Fred.

Let's see how some of the people in this family are related:

Sisters: We will call the sister relation S. S(x) means “a sister of x.”

S(Guy) = Helen means “A sister of Guy is Helen.”
S(Guy) = Jane means “A sister of Guy is Jone.”
S(lan) = means
S(lan) = means
S(Jane) = means
S(Helen) = means

Brothers: We will call this relation B. B(x) means “a brother of x.”

B(lan) = B(Jane) = B(Jane) =

B(Guy) = B(Helen) = B(Helen) =
Fathers: We will call this relation F. F(x) means ‘the father of x.”

F(Eve) = F(lan) = F(Guy) =

F(Fred) = F(Helen) = F(Jane) =
Grandmothers: We will call this relation G. G(x) means “a grandmother of x.”

G(Helen) = G(Jane) = G(lan) =

G(Helen) = G(Jane) = G(lan) =

G(Guy) = G(Guy) =

©1990 by Key Curriculum Project, Inc.
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Relations in families pair people with other people. Relations in alge

other numbers. Here are some relations which involve numbers:
»
to mean “a number greater than x.

or 755

The “greater than” relation: We will use G(x)

bra pair numbers with

G5 = 7 means “A number Achofer than D is 7. "

G(5)= 10.4 means “A number greater than 5is 10.4." or 10.4 >5

Name some other numbers which can be paired up with 5 in this relation:

G(5) = G(5) = G(5) = G(5) =
Find a number to make each of these true:
G(2) = G(6) = G(100) = G(4.8) =

The “less than” relation: We will use L(x) to mean “a number less than x.”

L@B)= 2 means  “A number lessthan 3is 2." or 2< 3

L(3)="13 means “A number less than 3 is-13." or “13 < 3

L(1)= means

L(-25) = means

The “equality” relation: We will use E(x) to mean “a number equal to x.”

E2) = 2 means "A number equal to 2 is 2."or 2=2

E(6)= means

E(11.2) = means

I

The “less than or equal to” relation: We will use T(x) to mean “a number less than or equal

»

to x.

T(4) = O means “A number |less ﬂlnn or eqml to "|' Is O " or O £ l-l

T(%): -g means

——
7(-6.3) = means
—
28 riculum Project "6
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Functions

Some people like to think of relations as “input-output” machines.

N
s

¢
5 c,

/..—

Tracy, put this through the
“Greater than” machine.
‘: g o

2 O

C \fe=

o« O

The other day,
Ipvtinab

a 2000!

As you can see, the output of a “greater than” machine can't be predicted.

All we know is that it will put out a number greater than the number which is put in.
Here are some possibilities:

N4 \\5./ \\ 5,/

N Z A4 N Z
Greater than Greater than Greater than
Machine Machine Machine
G G M| 6
6 0

G(5) =6 G(5) = 20 G(5) = 3,041
Some kinds of relation machines are completely predictable.
K
\3/ NE%
Doubling Equality
Machine Machine
D JZAN E Q\
o 13
D(3)=6 E(13) =13

\15,/
b
Gtﬁzfer than
achine
G M)
102
G(5) = 102
\O1/
<27
Adding 3
Machine
T oy
'8
T(5)=8

These completely predictable relations are called functions. A function has only one

possible output for each input.

©1990 by Key Curriculum Project, Inc.
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Here are some more examples of functions.

The “absolute value” function: A(x) will mean ‘the absolute value of x.” Alx) =] x|
\‘Xvﬁ/ An=17|=7 A= |-5.3|= 53
any number o ]e _ A(4.71) = L‘.']' l = l+7,
Absolute Value A= 17| =7 ( |
Machine A(3) = A (;_ ) _
A O .
Il A) = i (7) )
A(12) = A(6.6) =

The “next integer” function: N(x) will mean ‘the integer afterx.” N(x)=x+1

\\7:// N(10) = |1 N(-16)= =15
integers °"|Y _ -101) =
Next Integer NO) NEo)
Machine N() = N(25) =
dire by N
X+

The “opposite” function: P(x) will mean “the opposite of x.” P(x) = —x

\;‘—’"7/ P@)=-2 P(§)= P(3.5) =
any number ) .
Opposite P(1) = P(%) = P(0.6) =
Maghine > P(0) = P(%)- P(-0.003) =

The “squaring” function: S(x) will mean “the square of x.” S(x) = x2

/
\\7;/ S@3)=9 S(-3) = S(12) =
any number _ .
Sovering S(4) = S(-4) = S(100) =
Machine S(5) = 5
a Sl s (5) S(°5) = S(-100) =
X S(6) = S(°6) = S(05) =

¢, Inc-
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Here are some functions we use in everyday life:

Th? fII'St class postage” function: P(x) is the first class postage on a letter
weighing x ounces. It costs 25¢ to mail a letter weighing one ounce or less.
For each additional ounce or part of an ounce you pay 20¢ more.

P(1) = P(3)= P(0.7) =
P2 = P(3)- P(7) =

P@) = P(13)= P(7.3) =
P(4) = P (2})= P(3.7) =
P(5) = P (3%) - P(4.9) =

The “feet-to-inches” function: I(x) is the number of inches in x feet.
There are 12 inches in one foot, so I(1) = 12.

1(2) = 15) = I (g) -
13) = 109) = 1(13)=
1(4) = 1(15) = I (%) =

The “sales tax” function: S(x) is the sales tax on a taxable purchase of x dollars.
To figure these out, you need to know the sales tax percentage for your state. Try to
get a copy of the sales tax table which many stores use.

S(.10) = S(.50) = S(.87) =
S(.20) = S(1.00) = S(1.10) =
S(.30) = S(2.00) = S(7.75) =

The “days-in-a-year” function: D(x) is the number of days in the year x.
Leap years have 366 days. Others have 365 days.

D(1980) = D(1971) = D(1776) =

D(1950) = D(1900) = D(2000) =

©1990 by Key Curriculum Project, Inc.
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Instead of describing a function in words, we often define it_ t?y
expression for the number which is paired up with x. You finis

giving an algebraic
h this example:

The “f” function: flx) is one more than 3 times x. flx) = 3x + 1

£(5)=3(5)+1=15+1=16
f(-2)=3(2)+1="6*1="5

£(8) =
f(-8) =

Each function below is defined by an algebraic expression. Find the numbers asked for by

substituting in the expression.

g{x) = 3x - | h(x)=3(x-1)
3(“"1‘)=3(""|)"|'-"|2-|='|3 h(*H) =
9(7)=3(7)-|= h(7) =
9(5) = h(5) =
P(X)= X2+ 4 cl(7&)=(x+‘-H1L
p(3) = q(3) =
P(I)= Cl(l)=
p(7l0) = cl(‘IO) =
r(x)=]x+6| s(x)= | x|+ 6
r(3)= s(3) =
r(710) = s(710) =
r(6) = s(76) =
m(x)=x-| n(x)=1-x -
m(8) = n(8) =
m(~8) = n(-8) =
m(0O) = n(0Q) =
92 e

+ InC.
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A table is an easy way to list the
The expression for the function is writt
table lists the numbers to be substitut
column lists the values obtained by

f(x)=%x-10

pairs of numbers that belong to a function.

en above the table. The first column of the
ed for the variable in the function. The second
substituting the numbers in the first column.

h(x) = 0-x
X hi(x)

~90

g(x)= 2% +0

X f(x) X 9(x)
25 |25-10=15 "6

|7 I17-10=7 -2

12 -

1O 0

8 |

2 2

O 6

3 100

k(x) = % m(X) = _32_9(

X k(x) X m(X)
0O gS.

8 <
-18 !

60 O
-60 I

| 2
- | 3

5 L

©1990 by Key Curriculum Project, Inc.
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Many functions important in science and other fi
collected data, organized their information in a ta

See if you can find a formula to fit the data in each table.

f(x)=
x| f(x)
5 115
2 |6
| |13
OO
.
2 |70
5 |75
q(‘x) =
x| q(x)
19
2 |15
1 |13
o |1
-]
2|3
a o
34

g(%) =
x| g{x)
0 | \Z
517
315
O |2
=3 |
5 |-3
-5 |-13
r(x) =
ro | r(x)
319
2 |4
| I
0|0
- |
2 | H
319

h(x)=
% | h(x)
8 | H
410
2 |72
O |H
2 | 6
4 |8
8 |71Z
s(x) =
x| s(x)
5 |-lO
3 |76
| |2
2
3| &
5110
1A

elds have been discovered by peoplle who
ble, and figured out @ formula for it.

p(x) =
x| plx)
-20 | 20
-2 |12
b | O
o)
6 |6
12 |-12
20 |-20
v(x) =
v |vx)
7|7
G4
o0
22
5|5
8 |8
1 —
60 |%0

project 1"
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Written Work

Please do a neat job. ok, and turn it in V\;ith your book when you are finished
1. Write each rational number as a fraction.
K 23 0 06 43 1.04
2. Write the answer to the division problem -15 + 4 in three different ways.
3. Solve each equation. Write your answer as an integer or a mixed number.
=93 Z_x=14 6x3_-2=7 x(x +3)=x2-16

4. Name each point which is marked.

<«—HHHHHHHH > 4

k 0 1 2 3

< | l l [ = ; i :
T4+ 4+44> <t—+—1+4+ 4+ +—1—1>>
0 5 4 2 0 2 4
<mm—— > - ——_—
5 0 4 2 0 2 4
e ———————> | G———
E 0 4 2 0 2 4
6. Write an inequality for each graph.
DA o o s o o e o e —— | ||| >
4 2 0 2 4 6 4 2 0 2 4
7. Solve each equation or inequality.
“4x
|x+1]|=4 3x-2<19 =+ <20
|x-5]|=0 6—5x>2 7x—1>4-3x
|x+4]|<12 3lx|-7=11  3(x—2)<4x+16

8. Which of these relations are functions?
The “brother” relation: B(x) is a brother of x.
The “mother” relation: M(x) is a mother of x.
The “less than” relation: L(x) is a number less than x.
The “2 less than” relation: W(x) = x — 2.
The ‘“tripling” relation: T(x) = 3x.

i [ bstitute
9. Make a table for each function below. Choose five numbers 'to su
for x in each table. Show the values you get when you substitute these numbers.

fx) =2 — 1 glx)=lx-2| h(x) = x2

©1990 by Key Curriculum Project, Inc.
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Practice Test

Write each rational number as a fraction.
|- 3. 24 07= 40l= 0=

- 1
Draw a number line showing numbers from -3 to 3. Graph the numbers 2.5,0.3and 2.

Label each number line and graph the set of numbers.

Integers between "2 and 4: < { { { } } l ‘ = } I } >
Rational numbers greater : | l |
than or equal to 5. <«—f———+——+—+—+—"T—""T—"T1T"T1>
Rational numbers not : | l : | |
equaltol: «—4—f—4——F+—+—+—F—"T—"T—"T1T"1
Find each absolute value.
|8.3] = |-5] = o] = |-2+6| =
Solve
x| =7 |x-5]=2 |x|+4 = 1]
2x+3 >l x-5 < "9 bx > 48
_
36 mpm‘w,lnc.
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Solve.

Hx-7< x+8 9-x2>-3 3 <79
20 < 5x%-2 7x=3%42> x+5x-6 | B +6<y

G(x) means “a number greater than x.” Find a number to make each of these true.

G(4) = G(-2.3) = G(0) =
Fill in the missing numbers in the table for each function.
f(x)=x-5 g(x) = x|
x| fx) %X | 9(%)
100 0]
[0) L
L l
| O
O -
-2 3
-5 -10
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